Neurocomputing 282 (2018) 192-201

journal homepage: www.elsevier.com/locate/neucom

Contents lists available at ScienceDirect

Neurocomputing

Stability analysis of opposite singularity in multilayer perceptrons )

Weili Guo?, Junsheng ZhaoP, Jinxia Zhang?, Haikun Wei®* Aiguo Song¢, Kanjian Zhang?

Check for
updates

aKey Laboratory of Measurement and Control of CSE, Ministry of Education, School of Automation, Southeast University, Nanjing 210096, China

bSchool of Mathematics Science, Liaocheng University, Liaocheng 252059, China

¢School of Instrument Science & Engineering, Southeast University, Nanjing 210096, China

ARTICLE INFO ABSTRACT

Article history:

Received 12 September 2016
Revised 6 August 2017

Accepted 11 December 2017
Available online 14 December 2017

For the bipolar-activation-function multilayer perceptrons (MLPs), there exist opposite singularities in the
parameter space. The Fisher information matrix degenerates on the opposite singularity which causes
strange learning behaviors. As the stability is the fundamental to analyze the properties of the opposite
singularity, this paper concerns the stability analysis of the opposite singularity in MLPs. The analytical

form of the best approximation on the opposite singularity is obtained at first, then the concrete expres-
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sion of Hessian matrix can be obtained. By analyzing the eigenvalues of Hessian matrix on the opposite
singularity, the stability of the opposite singularity is investigated. Finally, two experiments are taken to
verify the obtained results.
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1. Introduction

As typical learning machines, feedforward neural networks, in-
cluding multilayer perceptrons (MLPs) and radial basis function
(RBF) networks, have been widely used in many fields [1-3].
Different from the learning dynamics in regular statistical mod-
els, the learning processes in feedforward neural networks have
strange behaviors. For example, the learning behavior in the mul-
tilayer perceptrons may be very slow, and plateau phenomenon
often occurs in the learning process (an example is shown
in Fig. 1) [4-6].

The plateau phenomenon is caused by the existed singular re-
gions in the parameter space [7], and these singularities affect the
learning dynamics seriously [8,9]. Meanwhile, the Fisher informa-
tion matrix of the parameter space degenerates on the singulari-
ties [10], which causes the standard gradient descent method no
longer Fisher efficient [11]. Then the gradient descent direction is
not the steepest descent direction [12,13]. Watanabe [14,15] inves-
tigated the effect of singularity in Bayesian inference and proposed
a widely applicable Bayesian information criterion (WBIC) which
remains efficiency for the singular model [16].

For the multilayer perceptrons, [17] investigated the geometric
structure of the parameter space with H — 1 hidden units embed-
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ded in the parameter space of H hidden units and proved that a
point in the critical lines corresponding to the global minimum of
the smaller model could be a local minimum or a saddle point of
the larger model. Guo [18,19] discussed the learning dynamics near
overlap singularities of MLPs. By using coordinate transformation
and Taylor expansion, [20] gave a general mathematical analysis
of the learning dynamics near singularities in layered networks.
Based on the methods in [20,21] gave a detailed eigenvalue analy-
sis of the overlap singularity in RBF networks. Park [22] analyzed
the dynamics of the EM algorithm for Gaussian mixtures around
singularities.

The above obtained results mainly concerned the overlap singu-
larity. For the bipolar-activation-function MLPs, there exist opposite
singularities in the parameter space. By using coordinate transfor-
mation and Taylor expansion, [23] obtained the analytical form of
averaged learning functions, further discussed learning dynamics
near the opposite singularity by using simulation experiments.

As is well known, the stability plays a significant role in an-
alyzing the performance of singularities. If the singularity is sta-
ble, when the learning process is affected by the singularity, it is
hard to escape from it. Thus it is worthy to analyze the stability of
the opposite singularity and avoid the stable part of the singular-
ity during the learning process. However, the stability of the oppo-
site singularity has not been investigated yet. In this paper, based
on the critical points on the opposite singularity, the stability of
the opposite singularity will be analyzed via eigenvalue analysis of
Hessian matrix on the opposite singularity.


https://doi.org/10.1016/j.neucom.2017.12.018
http://www.ScienceDirect.com
http://www.elsevier.com/locate/neucom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2017.12.018&domain=pdf
mailto:hkwei@seu.edu.cn
https://doi.org/10.1016/j.neucom.2017.12.018

W. Guo et al./Neurocomputing 282 (2018) 192-201 193

0.01

0.008

0.006

0.004

Generalization Error

0.002

0 1000 2000
Time Span

3000
Fig. 1. Plateau phenomenon occurred in the learning process of MLPs.

The rest of this paper is organized as follows. In Section 2,
we give a brief introduction of the learning paradigm. The
analytical form of the Hessian matrix on the opposite singularity
is obtained and the stability of the opposite singularity is analyzed
in Section 3. In Section 4, we take two simulation experiments to
verify the obtained results. Section 5 states conclusions and discus-
sions.

2. Learning paradigm

Let us consider a typical learning paradigm of MLPs using the
standard gradient descent algorithm to minimize the mean square
error loss function. In the case of regression, we have a number of
observed data (x1,¥1), ..., (%,Y:), which are generated by:

y=fo®) +e¢, (1)

where x ¢ RN, ye R, and fy(x) is an unknown true generating
function (called the teacher function). € is an additive noise that
is uncorrelated with training input x, usually subjects to Gaussian
distribution with zero mean.

The teacher model can be approximated by a student MLP with
k hidden units:

k
fx.0)=> wipR.J). (2)
i=1

Here, x € RN denotes the input vector, J; € RN and w; € R denote
the weight parameters connected to the ith hidden unit, N denotes
the number of input nodes and ¢(x, J;) denotes an activation func-
tion. @ = (J;, wy, ..., Ji, wy) is the model parameter of the student
model.

We assume that the teacher model is also described by a MLP
with s hidden units:

S
y="fo®) +&=fo® 0)+e=>) vip@&.t;)+¢, 3)
i=1
where t; ¢ RN and v; € R denote the weight parameters connected
to the ith hidden unit, and 0y = (t1.vq,...,ts,Us) is the teacher
parameter. When the true teacher function fy(x) can not be rep-
resented by a MLP, f(x, 0) is assumed to be its best approximation
by the MLP.
We also assume that the training input is subject to Gaussian
distribution with mean zero and covariance identity matrix I:

o 2
q(x) = (V2m) " exp (—”2”) (4)

and q(x) can be generalized to uniform distribution [20].
The loss function is defined as:

.%.0) = 20— [(x.0)), (5)

and the gradient descent method is used to minimize the above
loss.

Since ¢ is an odd function, (w, J) and (—w, —J) give the same
value,

namely wi¢(x.]J) + wo(x, —J) = (W —wy)¢(x,J). For this case,
we can identify their difference w = w; — w5, nevertheless, each
of wy and w, remains unidentifiable.

Thus, there exist opposite singularities in the parameter space
as follows:

R=A{0l;=-J;}. (7)

For the training methods of MLPs, batch mode learning and on-
line learning are the most commonly used learning modes. In this
paper, we use the averaged learning equation (ALE) to investigate
the learning dynamics near opposite singularity instead of batch
mode learning and online learning. This is because the ALE can
be used to investigate not only the batch mode learning dynamics,
but also the online learning dynamics [23]. Moreover, by adopt-
ing the bipolar error function ¢(x) = /2 [% exp(—4t2)dt, namely

o] = \/%f{;" exp(—4t2)dt, as the activation function of MLPs,
the analytical form of the ALE has been obtained in [23]. This will
bring us great convenience to take the quantitative analysis of the
opposite singularity. Thus we mainly focus on the following ALE:

b _n<al(y,x, 0)> __oL®)

90 LT ®)

where n denotes the learning rate, (-) denotes the average over
(¥t, ®¢) with respect to the teacher distribution,

— g exp (— Ly - fo))?
PO ) = 4(®) o exp (=50~ fox))?). (9)
and
L®) = (1(.%.0)). (10)

The results in [21] indicate that investigating the model with
two hidden units is enough to capture the essence of the learning
dynamics near the singularities. So we focus on the MLPs with two
hidden units, namely the teacher and student models are of the
following forms, respectively:

f(x,00) =119 (. t1) + 120 (X, 1) + ¢, (11)

f(X7 0) = Wl¢(x7.’1) + W2¢(x’.’2)7 (12)

where 6 = {J;, wy, J,, w,} represents all the student parameters.

Guo [23] used the following coordinate transformation to in-
vestigate the learning dynamics near the opposite singularities in
MLPs:

_ Was +wily

v r— (13)

w=w, —w, (14)

u=J;+J,. (15)

7= w3 +W1’ (16)
Wy — Wy

and obtained the analytical form of ALEs.

In the new coordinate system, the system parameter becomes
&={v,w,u,z}, and R* = {&|u = 0} represents the opposite singu-
larity.
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The student model then can be rewritten as:
1 1
fx§ = 5@~ 1)w¢(x, 5 +2u- v)
+%(z+l)w¢(x,%(l —z)u+v). (17)

By taking Taylor expansion at u = 0, we have:

1 .1 020 (X, V) 3
f(x. &) =wp(x,v) + gw(l -z )uTWu+O(u ). (18)
Then Eq. (8) can be rewritten as:
aL(é)
_ T
E=-nTT 98 (19)
where
L T
2
z+1 z+1
ok S u -1 0 W
T=—2 = ) (20)
39 2L 0 1 o
2
1-z 1-z
- 2w 1o w -

is the Jacobi matrix.

Based on the above results, we can do the stability analysis of
the opposite singularity R* by analyzing the eigenvalues of the
Hessian matrix of L(&).

3. Stability analysis of the opposite singularity

The stability of the opposite singularity can be obtained by
evaluating the definiteness of the Hessian matrix on the opposite
singularity. In order to solve this problem, we should first obtain
the critical points of the opposite singularity and then give the an-
alytical expression of the Hessian matrix on the opposite singular-
ity. Finally, the definiteness of Hessian matrix can be evaluated by
analyzing its eigenvalues.

3.1. Critical points on the opposite singularity

In order to obtain the eigenvalues of the Hessian matrix on the
opposite singularity, we should obtain the best approximation (v*,
w*) on the opposite singularity at first. When the learning pro-
cess arrives in the opposite singularity, it can be deemed that the
teacher model is approximated by the student model with one
unit:

fx,0) =wo(x,v). (21)

The best approximation lies in the opposite singularity which is
realized by any point of the following sets:

={élv=v', w=w"u=0,zeR}. (22)

For the best approximation on the opposite singularity, & =
(v, w*, 0, z), it satisfies dL(E) |§ = =0. Since u =0 is fixed and z
can take arbitrary value on the opposite singularity, it is obvious
that L& |§ g = =0 and 3L3(ZE)| « = 0. Thus the best approximation

Ju
can be obtained by solving the following equations:

oL($) _
7 e = (23)
oL®) o4

oW leg

Now we give the explicit expressions of % and %, re-
spectively. For Eqs. (5) and (18), by taking some calculations, we

have:
L wletrx ) 22EY) L o), (25)
O _fegxppm) -2 -2)

x(e(y, X, E)uT%u) +0@?), (26)

where e(y, X, &) = fo(x) — f(x, ) is the error.
Denote P (t, V) = (p(x, t)p(x,v)) and B, (t,v) =
then Eqs. (23) and (24) become:

(@(x. 1) 2000

aLa(f) e = W' (-1 (t, V") — 1P (E. V) + WPR W', 1)) =0,
(27)
L@) =—v1P1(t1,v*) —U2P1(t2,v*)+W*P] (U*,U*) =0
W legr

(28)

The explicit expressions of P;(t, v) and P,(t, v) have been ob-
tained in [23]:
2 tTy
Pi(t,v) = (29)
\/1 +e2y/1+ lvl?

P (t,v) = = /det(B(t,v)")HA™'t, (30)
where:
A=I,+wn', (31)
Bit,v) =A+ttl =I, + ' +tt7, (32)
A = (L+w") =1 __w (33)
R I T 1Y
A letT
Bit.v)'=(I,- ——)A"", 34
oo ) o
det (B(t.v)") = 5 L : — (35)
A+ eI A+ lv]|?) - (')

I, is the compatible identity matrix. (36)

By eliminating the variable w*, we have:

T qp%
v1 | /det(B(v*, v)-1) v* arcsin Ly
V1121 + w2

el
—/det(B(t;,v*)-1) t; arcsin —————
( ( 1 ) ) 1 1+ ||v*||2
, th
—1, | /det(B(v*, v*)-1) v* arcsin 2

VI+I6lR2y/1+ v 2
—+/det(B(t,, v*)~1) t, arcsin m =0. (37)
T+ [lve)|?
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By solving Eq. (37), we can obtain the best approximation v*,
then by substituting v* to Eq. (27) or (28), the critical points on
the opposite singularity (v*, w*) can be obtained. Though the form
of Eq. (37) is very complex and it is hard to get its analytical solu-
tion, the best approximation (v*, w*) can still be obtained explicitly
when the values of the teacher parameters are fixed.

3.2. Eigenvalue analysis of Hessian matrix on the opposite singularity

Since the best approximation on the opposite singularity has
been obtained, the stability of the opposite singularity can be ana-
lyzed by taking the eigenvalue analysis of Hessian matrix of MLPs.
The Hessian matrix of MLPs based on the averaged loss function
is:
92L(8)

9898
ro’L(g)  0%L(§)  9°L(E)  9’L(§)T
ovovT vdw ovou’ ooz

02L(&)  9%*L(E)  9*L(E)  9’L(§)
owovT ow? owou’ owoz
0°L(&)  0°L(E) 9’L(§)  I°L(§)
oudv’ ouow ouou’ ouoz
0°L(§)  0°L(§)  9%L(&)  9°L(§)
L 9zovT 0zow ozouT 0z2 -

Then we give the explicit expression of H(&).
For convenience sake, we denote:

H(§) =

HE) = H3;  H3; Hsz  Hiy |’ (39)

S ] (40)

Pi(w) = <3¢§’; V)09 *.) > (4n)

and

(42)

Py (v) = <e(v x5 LOEV) ”)>.

ovov’

Based on calculations, we have:

0°L(E) _ W2<a¢<x, v) dg(x. v>>

ovovT ov o’

_w<e(y x, &) 88(1;(; Tv)

W?Py(v) — wPs (v) + O(?), (43)

Hy =

>+O(u2)

2
Hyp = L) _ = <90’ x. &)

dvow
AP (x, v)>

A (x, v)>

+w<qb(x V) +0®W?)

= —v1P(t1, V) — P (ty, v)+ WP, (v, v)+ WD (v, )+ O(UZ),
(44)

_0’L(§)  w? Ap(x,v) ;020 (x,v)
His = gt = 4 177 < v " vt >+O("2)’
(45)
92L(&) wz[0p(x,v) ;020 (X, V)
Ha =057 = _4< v ul v’ u>+0(u3), (46)
Hyy = HE, (47)
Ho = 2O g —Pw c0wd). @8)
RG]
o3 = owou’
W 2 02 o x.v)
=70 z°)u <¢(X V)— 09T >
_7(] -22)u <e(y X, E)aaqng Tv)>+0(u2)
= Zw(l -2 'R, v) - Z(l — 2 u'Bw)+0®W?), (49)
2
Hyu aavt%sz) _owz T<¢)(x v)aa¢éxTv)>
Z 2P (x,v) 3
+3U <e(y,x, E)W>u+0(u )
= _WTZqug v, v)u+ ﬁuTPm»)u +0@?), (50)
Hsi =Hj;, Hs =Hy;, (51)
02L(&) 1 %20 (x, 1)
Hs33 = 8u81§1T = EW(Zz - 1)<e(y, X, $)£W>+ O(u)
= %w(zz —1)Ps(v) + O(u), (52)
0%2L(&) wz %29 (%, 1)
Haq = Buggz < 0.%.8) ad:;avT >"+O("2)
- %szS(v)u +0®W?), (53)
Hy =Hly, Hp=H}, His=Hi, (54)

2 2
o= T Loty 0% 0 ot

= %quPs(v)u+O(u3). (55)

Now the analytical form of H(&) has been obtained. Then after
calculating the analytical form of Hessian matrix on the opposite
singularity, we can analyze the eigenvalues of H(§) on the opposite
singularity. The results are shown in the following theorem.

Theorem 1. The stability of the opposite singularity R* is determined

by (z2 — DA®@W*, w*), where H(v*, w*) = A (v*). There are three
cases:
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(1) H includes both positive and negative eigenvalues, in this case
‘R* is unstable.

(2) H is negative definite. In this case, the segment of z2 <1 on
R* is stable, while the other parts of R are unstable.

(3) A is positive definite. In this case, the segments of z2>1 on
R* are stable, while the part of z2 <1 is unstable.

Proof. First, we calculate the analytical form of Hessian matrix on
the opposite singularity.

For the best approximation & = (v*, w*, 0,z € R), 3L37(§§) g =
dp(x,v) ’ _o.

v [le=g

Let us substitute the best approximation & into Eq. (38), the
Hessian matrix H(§) on the opposite singularity can be rewritten

as:
:|, (56)
0

0, we can get <e(y, x &)

F(§)
H()|ep = E (&)

where
92L(&)  9%L(§)
ovov’ vow
RE) = a2L¢8)  92LE) e
owovT ow?2 B
_ [we2p ) —wepsv) w*Pz(v*,v*)i| (57)
- w*Py (v, v)T weP (v, v%) |
and
B(§) = (22 - DAW" w"), (58)
AW, w*) = %w*P5 ), (59)

2 JdetBE. V), .4 4. o »
for t =+, (60)

P3(v,v)

_2ydetBww) (o 2@+3pH)
T 142 T+ DA +2(vi2)

_(l + “UHZ)B(U, v)])7 (61)

Py(v) = %\/det(B(v, v)-HBw,v) !, (62)

Ps(v) = 1 P3(t1.v) + 12P5(t2. v) — wPs(v. V). (63)

The calculation processes of P3(t, v), P3(v, v) and P4(v) are
shown in the Appendix. Now the concrete expression of Hessian
matrix on the opposite singularity has been obtained.

Then the eigenvalue analysis can be taken. It can be seen that
F1(&*) is the Hessian of L(&) with respect to (v, w) at & = £". Since
(v*, w*) is the best approximation, namely (v*, w*) is the stable
point, the eigenvalues of F;(&*) are all positive. This implies that
the stability of the opposite singularity is determined by the eigen-
values of F,(&*). The stable parts of the opposite singularity are the
regions where the eigenvalues of F,(&*) are all positive. Thus we
can obtain Theorem 1. O
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Fig. 2. Theoretical learning trajectories.

From the results in [23], without analyzing the stability of R*,
the theoretical learning trajectories near R* are obtained as fol-
lows:

(z* +3)?
guu=—3-log—r,

where C is a constant depending on the initial model parameter
(h(®), 0y,

As we have discussed the stability of R*, the theoretical learn-
ing trajectories near R* with stable part and unstable part are
shown in Fig. 2. The stable part is determined by the definite-
ness of A(v*, w*) by using Theorem 1. For the trajectories h~z,
line h = O represents the opposite singularity.

+C (64)

4. Simulation experiments

In this section, we verify the theoretical analysis results by tak-
ing two simulation experiments.

4.1. Real learning trajectories near the opposite singularity

For a given teacher model, by choosing different initial values
of student parameters and using batch mode learning method, we
plot the real learning trajectories near the opposite singularity in
comparison with theoretical learning trajectories.
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Table 1

Initial student parameters of trajectories 1-7 in Fig. 3.

Trajectory  Initial weight J; Initial weight w, Initial weight J, Initial weight w,
1 (0.40, 0.10)" -0.12 (~0.49,0.35)7 -1.04
2 (0.40, 0.10) -0.12 (~0.49,0.35)7 -0.98
3 (0.40, 0.10)7 -0.12 (—0.49,0.35)T -0.94
4 (0.40, 0.10)" -0.12 (~0.49,0.35)7 -0.90
5 (0.40, 0.10) -0.12 (~0.49,0.35)7 -0.80
6 (0.40, 0.10)7 -0.12 (-0.49,0.35)T -0.70
7 (0.40, 0.10)" -0.12 (~0.49,0.35)7 -0.60
0.35 0.25
0.3 0.2}
S
g 025 0.15}
2 <
c
3 0.2 0.1p
'_
0.15 A 1 0.051
X\e . 2 \a 2
0.1 - ; . ]
2000 4000 6000 8000 0.5 1 1.5
Iteration z

(a) Trajectories of training error

(b) h ~ z trajectories

Fig. 3. Real batch mode learning dynamics.

The chosen teacher model is:

fo(x,00) =119 (%, t1) + 129 (%, 1),

where t; =[0.2, —0.5]", v; = 0.5, t, =[0.7, 0.4]", v, =0.3.

We use batch mode learning method to accomplish the experi-
ment. We generate 200 training examples which are subject to the
standard Gaussian distribution and the additive noise is subject to
Gaussian distribution with mean 0 and variance 0.05. For a cho-
sen learning rate n = 0.005, the model is trained by the standard
gradient algorithm for 8000 times.

By letting the initial states of the two student units be opposite,
we get the best approximation v* = [0.3367, —0.1697]" and w* =
0.7984. When we substitute v*, w* into Eqs. (33) and (34), we can
see that (v*, w*) is indeed the solution of the two equations. This
verifies the correctness of the expression of best approximation.

Then we calculate H(v*, w*):

0.0007
0.0015 |

(65)

~ T0.0003
H@". w") = [0.0007

The eigenvalues of A(v*, w*) is 0.00002 and 0.0018, respec-
tively, which implies H(v*, w*) is a positive definite matrix. Ac-
cording to Theorem 1, the segments of z2>1 on R are stable,
while the part of z2 <1 is unstable, which means the learning
dynamics near opposite singularity would be in accordance with
Fig. 2(a).

Then we try different initial student parameters and plot the
trajectories of training error and h~z in comparison with the tra-
jectories in Fig. 2(a). The initial student parameters are shown in
Table 1 and we only make a slight change in the initial parameters.
The results are shown in Fig. 3. The trajectories 1’ ~’7’ correspond
to the initial states of student model take values '1’ ~’7’ in Table 1,
respectively.

As shown in Fig. 3(b), it can be seen that the z> 1 part of h~z
trajectories near R* are attractive, namely the z2>1 part is sta-
ble and z2 <1 part is unstable. The trajectories are very similar to
those in the right part of Fig. 2(a). This is in accordance with the

(66)

above analysis of definite of H(v*, w*). As the theoretical learning
trajectories are obtained by using Taylor expansion at h =0, the
difference between the real batch mode learning trajectory and the
analytical learning trajectory becomes significant with the increase
of h.

4.2. Cuff-less blood pressure estimation

In the prior experiment, we have shown the real learning tra-
jectories in accordance with the theoretical analysis. In this sec-
tion, we do a real experiment to verify the obtained results. In
the Physionets multiparameter Intelligent Monitoring in Intensive
Care (MIMIC) II (version 3, accessed on September 2015) online
waveform database [24], the arterial blood pressure (ABP) signal
is estimated by the photoplethysmograph (PPG) and electrocardio-
gram (ECG) signal, namely for the learning machine, the input is
X =[x, x»]7 and the output is y, where x; is PPG, x, is ECG and
y is ABP. In order to obtain better simulation results, the Gaussian
normalization is chosen to perform the preprocessing. x(k) is nor-
malized as:

xo = MO 1 (67
where p is the sample mean value of the x:
1M
m= ;X(l), (68)
d is the sample standard deviation:
(69)

and M is the sample number of the data set.
We use the batch mode learning to accomplish the experiment.
The number of hidden units in the student model is chosen to be
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Table 2
Initial student parameters belong to z? <1 part.
. © _[-09917 -09818 -0.8861 0.5916 —-0.0808  —0.6379
Initial state of J - J™"= 101070  _02837 -03376 09780 06434 —0.8802
Initial state of w ~ w©® =[—0.6461, -0.7087, -0.2742, 0.6097, —-0.8106, —0.9708]
Final state of J j_[-13827 17233 27797  1.3876 2.2159 —0.4898
~ [ 1.0562 —1.4124 -2.1164 -1.0765 —12228 —1.1249
Final state of w w=[-0.7850, -1.0321, 0.8594, 0.8656, —1.7105, 0.1794]
Table 3
Initial student parameters belong to z? > 1 part.
. © _[-09917 -09818 -0.8861 0.5916 —-0.0808  —0.6379
Initial state of J - J™"= 101070 _02837 -03376 09780 06434 —0.8802
Initial state of w ~ w©® =[0.5761,  —-0.7087, -0.2742, 0.3097,  -0.8106, —0.9708]
Final state of J jo[722708 12955 23341 01449  0.3998 -1.2210
= 0.9941 0.7223 -15141 —09618 06218 —0.8934
Final state of w =~ w=[1.6272, —-1.9726, 0.7033, 04782, —0.7119, —0.8947]
Table 4 o We use N =200 samples to train the MLPs. For the learning
Simulation results of blood pressure estimation. rate 7 = 0.03 , the model is trained by the typical backpropagation
Training error  Test error (BP) algorithm for 15000 times. After training, we use another 200
Initial student parameters belong to 22 <1 part  2.8407 73947 samples to test the training efficiency and choose the root mean
Initial student parameters belong to z> > 1 part ~ 2.7005 6.4823 square error (RMSE), RMSE = % Z{V:] (371‘ _yl.)z’ to measure the
test error. h(i, j) = 3U; +J)T Ui +J;) and z(@i. j) = xff:vv’ have the
1
o same meanings with h and z in Eqs. (64) and (16), respectively.
k =6, namely the student MLP is given by: In this section, we give two examples that the student param-
eters arrive in the stable part and unstable part of the opposite
Fx.0) 6 bx.J) (70) singularity, respectively. The initial student parameters of the two
e ZW' Ji)- example are exactly the same except for W§0) and wgo), where the
i=1
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Fig. 4. Initial student parameters belong to z2 <1 part.
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Fig. 5. Initial student parameters belong to z2 > 1 part.

initial values of the two examples are in the z2 <1 part and z2 > 1
part, respectively. The initial values and final values of the student
parameters of the two examples are shown in Tables 2 and 3, re-
spectively. The training error and test error are shown in Table 4.

For the case that the student parameters arrive in the stable
part of the opposite singularity, as shown in Fig. 2, the learning
process will be trapped in the opposite singularity and finally can
not escape from it. The simulation results are given in Fig. 4, which
show the trajectories of the training error, h(1, 4)~z(1, 4) and h(1,
4), respectively. In Fig. 4, ‘o’ and ‘ x ' represent the initial state and
final state, respectively.

For the case that the student parameters arrive in the unsta-
ble part of the opposite singularity, the learning process will be
affected by the opposite singularity slightly. The simulation results
are given in Fig. 5, which show the trajectories of the training er-
ror, h(1, 4)~2(1, 4) and h(1, 4), respectively. In Fig. 5, ‘o’ and ‘x’
represent the initial state and final state, respectively.

From Fig. 4(c), after the training process h(1, 4) nearly
equals 0, the final state J; =[-1.3827, 1.0562]7 and J, =
[1.3876, —1.0765]7, J; nearly equals to —J,;, which means that
the hidden nodes 1 and 4 have arrived in the opposite singularity.
Meanwhile, h(1, 4) ~z(1, 4) curve shown in Fig. 4(b) in similar to
the gray part (namely the stable part) in Fig. 2(b), thus z2 <1 part
of the opposite singularity is stable. As shown in Fig. 5(b), the h(1,
4)~2(1, 4) curve is very similar to that in the left part of Fig. 2(b),
which implies that the z2 > 1 part of the opposite singularity is un-
stable.

Though we can not obtain the definiteness of A(v*, w*) due to
the unknown teacher parameters, the results in Figs. 4(b) and 5(b)
indicate that z2 <1 part of the opposite singularity is stable and
the other part is unstable. This verity the stability analysis results

obtained in Theorem 1. From the results in Table 4, we can see that
the training error and test error belong to z2 <1 part are bigger
than those belong to z2 > 1 part. This is because z2 <1 part of the
opposite singularity is stable and the learning process belongs to
this case will be trapped in the opposite singularity and converge
to a local minimum, not the global minimum. Thus it is important
to avoid the stable part of the opposite singularity to reduce the
influence of the singularity.

5. Conclusion

The multilayer perceptrons (MLPs) are widely used in many
fields. However, the learning processes of MLPs have some strange
behaviors, such as the learning behavior maybe become very slow
and MLPs often exhibit a plateau phase. This is mainly caused by
the existed singularities in the parameter space of MLPs. For the
bipolar-activation-function multilayer perceptrons, the parameter
space has opposite singular regions, where the Fisher information
matrix degenerates. As stability plays a significant role in analyzing
the properties of the opposite singularity, in this paper, we take the
stability analysis of the opposite singularity of MLPs by analyzing
the eigenvalues of the Hessian matrix based on loss function. After
giving the explicit expressions of P3(t, v) and P4(v), we first give
the analytical form of best approximation, and then we obtain the
concrete expression of Hessian matrix on the opposite singularity.
Further, the stability of the opposite singularity is investigated and
the learning dynamics near opposite singularity are discussed. In
the simulation part, the results obtained in this paper are verified
by taking two experiments.
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Appendix
For t=#v,
S
0 (x v) 0
=a T<¢)(X t) ¢ >=WP2(t’v)
2 /det(B(t,v)-1) _ _ _
:_;W(vtm "+AT +tTuB(t ).
(A-1)
For P,(v, v), we have:
B ) (x,v) 02 (x, V) %20 (x,v)
gor 2 ) ‘< ¢8vT ¢8v >+<¢(”’”)%>
=P(v) +B(v,v), (A-2)
aaTPz(v V) = ai(g det(B(v, v)—1)A—1t)
2y det(B(v,v)-1)
T 1+ |2
2(2+3|lv]?) T
I, - . A-
( T+ I + 2l ) (A-3)
Now we calculate P4(v). From Eq. (1), we have:
y—fo(®) =¢~N(0,1), (A-4)
then
= [ w50 o))y
1 +00 82
- J__/ exp(~ S )de = 1. (A-5)
P4(v) can be rewritten as:
1
P =@t [ [T RO IEED e jx?)
1 1 2
x o= e (=50~ fo®)* )dydx
—yt [T PRI EED e (i yax
:%(x/ﬁ)‘" /_oo xx' exp (—%(xr I, + 2va)x)>dx
=%\/det(8(v, v)-HBw,v) L. (A-6)

Then P3(v, v) can also be obtained according to formula (A-2):
P v) = —— R, v) - (V)

det(B(v,v)-1) (I

9
8T
2
3 2430wl r
T+ [vIH (A +2(v(1)

BE SN E

—(1+ [lv]|*)B(v, V)l). (A-7)

References

[1] C. Mu, Z. Ni, C. Sun, H. He, Data-driven tracking control with adaptive dynamic
programming for a class of continuous-time nonlinear systems, IEEE Trans. Cy-
bern. 47 (6) (2017) 1460-1470.

[2] C. Mu, Z. Ni, C. Sun, H. He, Air-breathing hypersonic vehicle tracking control
based on adaptive dynamic programming, IEEE Trans. Neural Netw. Learn. Syst.
28 (3) (2017) 584-598.

[3] Z. Zheng, L. Sun, Path following control for marine surface vessel with uncer-
tainties and input saturation, Neurocomputing 177 (2016) 158-167.

[4] S. Amari, H. Nagaoka, Information Geometry, AMS and Oxford University Press,
New York, 2000.

[5] S. Amari, T. Ozeki, Differential and algebraic geometry of multilayer percep-
trons, IEICE Trans. Fundam. Electron. Commun. Comput. Sci. E84-A (2001)
31-38.

[6] D. Saad, A. Solla, Exact solution for online learning in multilayer neural net-
works, Phys. Rev. Lett. 74 (21) (1995) 4337-4340.

[7] M. Biehl, H. Schwarze, Learning by on-line gradient descent, J. Phys. A Math.
Gen. 28 (3) (1995) 643-656.

[8] S. Amari, T. Ozeki, F. Cousseau, H. Wei, Dynamics of learning in hierarchical
models - singularity and milnor attractor, The proceedings of the Second In-
ternational Conference on Cognitive Neurodynamics, 2009, pp. 3-9.

[9] F. Cousseau, T. Ozeki, S. Amari, Dynamics of learning in multilayer perceptrons
near singularities, IEEE Trans. Neural Netw. 19 (8) (2008) 1313-1328.

[10] H. Park, M. Inoue, M. Okada, Online learning dynamics of multilayer percep-
trons with unidentifiable parameters, ]. Phys. A Math. Gen. 36 (47) (2003)
11753-11764.

[11] S. Amari, H. Park, T. Ozeki, Singularities affect dynamics of learning in neuro-
manifolds, Neural Comput. 18 (5) (2006) 1007-1065.

[12] S. Amari, Natural gradient works efficiently in learning, Neural Comput. 10 (2)
(1998) 251-276.

[13] J. Zhao, H. Wei, C. Zhang, W. Li, W. Guo, K. Zhang, Natural gradient learning
algorithms for RBF networks, Neural Comput. 27 (2) (2015) 481-505.

[14] S. Watanabe, Algebraic analysis for non-identifiable learning machines, Neural
Comput. 13 (4) (2001) 899-933.

[15] S. Watanabe, Algebraic geometrical methods for hierarchical learning ma-
chines, Neural Netw. 14 (8) (2001) 1049-1060.

[16] S. Watanabe, A widely applicable Bayesian information criterion., J. Mach.
Learn. Res. 14 (2013) 867-897.

[17] K. Fukumizu, S. Amari, Local minima and plateaus in hierarchical structure of
multilayer perceptrons, Neural Netw. 13 (3) (2000) 317-327.

[18] W. Guo, H. Wei, J. Zhao, K. Zhang, Averaged learning equations of error-
function-based multilayer perceptrons, Neural Comput. Appl. 25 (3-4) (2014)
825-832.

[19] W. Guo, H. Wei, J. Zhao, K. Zhang, Theoretical and numerical analysis of learn-
ing dynamics near singularity in multilayer perceptrons, Neurocomputing 151
(2015) 390-400.

[20] H. Wei, J. Zhang, F. Cousseau, T. Ozeki, S. Amari, Dynamics of learning near
singularities in layered networks, Neural Comput. 20 (3) (2008) 813-843.

[21] H. Wei, S. Amari, Dynamics of learning near singularities in radial basis func-
tion networks, Neural Netw. 21 (7) (2008) 989-1005.

[22] H. Park, T. Ozeki, Singularity and slow convergence of the EM algorithm for
gaussian mixtures, Neural Process. Lett. 29 (1) (2009) 45-59.

[23] W. Guo, H. Wei, ]. Zhao, K. Zhang, Theoretical analysis of learning dynamics
near the opposite singularities in multilayer perceptrons, Control Theory Appl.
31 (2) (2014) 140-147. (in Chinese)

[24] M. Kachuee, M.M. Kiani, H. Mohammadzade, M. Shabany, Cuff-less high-ac-
curacy calibration-free blood pressure estimation using pulse transit time,
in: IEEE International Symposium on Circuits and Systems (ISCAS'15), 2015,
pp. 1006-1009.

Weili Guo was born in Jining, China, in 1987. He received
the B.S. degree in School of Science, Shandong Jianzhu
University, China in 2007, the M.S. degree in School of Sci-
ence, Nanjing Agricultural University, China in 2010, and
the Ph.D. degree in School of Automation, Southeast Uni-
versity, China in 2014. He is currently a postdoctoral in
Southeast University, China. His main research is in sin-
gular learning dynamics of feedforward neural networks
and deep neural networks.

Junsheng Zhao received the B.S. degree in the Depart-
ment of Mathematics, Liaocheng University, China in
2003, the M.S. degree in Qufu Normal University, China
in 2006 and the Ph.D. degree in Southeast University,
China in 2015. He is currently a lecturer in the School
of Mathematical Sciences, Liaocheng University, China. His
research interests include real and artificial in neural net-
works and identification of nonlinear systems.


https://doi.org/10.13039/501100001809
https://doi.org/10.13039/501100001809
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0001
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0001
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0001
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0001
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0001
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0002
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0002
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0002
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0002
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0002
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0003
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0003
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0003
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0004
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0004
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0004
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0005
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0005
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0005
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0006
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0007
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0007
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0007
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0008
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0008
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0008
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0008
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0008
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0009
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0009
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0009
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0009
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0010
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0010
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0010
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0010
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0011
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0012
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0012
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0013
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0013
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0013
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0013
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0013
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0013
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0013
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0014
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0014
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0015
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0015
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0016
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0016
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0017
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0017
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0017
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0018
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0018
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0018
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0018
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0018
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0019
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0019
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0019
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0019
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0019
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0020
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0020
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0020
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0020
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0020
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0020
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0021
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0021
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0021
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0022
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0022
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0022
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0023
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0023
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0023
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0023
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0023
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0023
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0024
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0024
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0024
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0024
http://refhub.elsevier.com/S0925-2312(17)31851-9/sbref0024

W. Guo et al./Neurocomputing 282 (2018) 192-201

Jinxia Zhang received the B.S. degree in the Department
of Computer Science and Engineering, Nanjing University
of Science and Technology, China in 2009 and the Ph.D.
degree in the Department of Computer Science and En-
gineering, Nanjing University of Science and Technology,
China in 2015. She was a visiting scholar in Visual At-
tention Lab, Brigham and Women's Hospital from 2012
to 2014. She is currently a lecturer in the School of Au-
tomation, Southeast University. Her research interests in-
clude visual attention, visual saliency detection, computer
vision and machine learning

Haikun Wei received the B.S. degree in the Depart-
ment of Automation, North China University of Technol-
ogy, China in 1994, and the M.S. and Ph.D. degrees in
the Research Institute of Automation, Southeast Univer-
sity, China in 1997 and 2000. He was a visiting scholar in
RIKEN Brain Science Institute, Japan from 2005 to 2007.
His research interests include real and artificial in neural
networks and industry automation.

201

Aiguo Song received the B.S. degree in automatic con-
trol in 1990, the M.S. degree in measurement and con-
trol in 1993 from Nanjing Aeronautics and Astronautics
University, Nanjing, China, and the Ph.D. degree in mea-
surement and control from Southeast University, Nanjing,
China, 1996. He is currently a professor and director of
Robot Sensor and Control Laboratory, and Dean of School
of Instrument Science and Engineering, Southeast Univer-
sity, China. His research expertise and interests are in
the areas of telerobot, rehabilitation robot, human com-
puter interface, robot force/tactile sensor, haptic display,
and signal processing.

Kanjian Zhang received the B.S. degree in mathematics
from Nankai University, China in 1994, and the M.S. and
Ph.D. degrees in control theory and control engineering
from Southeast University, China in 1997 and 2000. He is
currently a professor in the School of Automation, South-
east University. His research is in nonlinear control the-
ory and its applications, with particular interest in robust
output feedback design and optimization control.



	Stability analysis of opposite singularity in multilayer perceptrons
	1 Introduction
	2 Learning paradigm
	3 Stability analysis of the opposite singularity
	3.1 Critical points on the opposite singularity
	3.2 Eigenvalue analysis of Hessian matrix on the opposite singularity

	4 Simulation experiments
	4.1 Real learning trajectories near the opposite singularity
	4.2 Cuff-less blood pressure estimation

	5 Conclusion
	 Acknowledgments
	 Appendix
	 References


